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Motivation
Due to the high computational cost of exact
methods, the solution of large NP-hard opti-
mization problems has traditionally been ap-
proached with heuristic methods, which can
provide satisfactory solutions in short execution
times, but with no guarantee of evaluation of all
the possible solutions.
On the other hand, some exact methods, like
backtracking, analyse all the solutions and find
the optimum one, but with unaffordable execu-
tion times.
We compare the application of metaheuris-
tic methods and a modification of Backtrack-
ing (VWB) to the Maximum Diversity Prob-
lem (MDP). VWB begins by analysing a part of
the solutions tree and successively increases the
search to the whole solutions space.

Variable Width Backtracking
Ideas for VWB:

• To obtain lower and upper bounds (LB
and UB) of the value of the optimum so-
lutions reachable for each node in the tree.

• To divide the work into successive steps, s,
with each step consisting of a backtracking
with the lower and upper bounds of each
node in that step (LBi and UBi for step
i) obtained in the interval of the complete
bounds.

• The interval in a step includes the inter-
val of the previous step, [LBi, UBi] ⊂
[LBi+1, UBi+1].

• The interval of the last step is equal
to the complete interval, [LBs, UBs] =
[LB,UB].

The tree is explored in successive steps, with
possible improvements of the best solution in
each step, and the optimum solution of the last
step is that of the problem.
The search in each step is scattered throughout
the tree in an attempt to avoid the temporal con-
centration of the search in certain areas of the
tree, which could delay satisfactory solutions.
The search in step i + 1 includes the nodes
generated in previous steps, and the huge ex-
ecution time of backtracking methods becomes
even larger.
The only possible advantage of VWB is the
early generation of satisfactory results.

For example:
in a maximization problem the upper bound in
iteration i could be LB + i · (UB − LB)/s.
VWB consists of s backtrackings, where each
PartialBacktracking comprehends the
code of the original backtracking without the
initialization of the partial optimum solution
and value (POV ).
The generation of one node includes the updat-
ing of the upper bound of the node for this iter-
ation and is pruned if its bound for this iteration
is not higher than POV :
LBnode + i · (UBnode − LBnode)/n ≤ POV .

The Maximum Diversity Problem
MDP: selecting a subset of m elements from a
set of n elements so that the sum of the distances
between the chosen elements is maximized:

Maximize

n−1∑

i=1

n∑

j=i+1

dijxixj

subject to

xi = {0, 1}, 1 ≤ i ≤ n

n∑

i=1

xi = m

VWB for the MDP, an example
n = 5, m = 3 and distance matrix

1 2 3 4 5
1 3 5 1 6
2 2 4 5
3 2 2
4 4
5

Initial values for POV obtained with a greedy
method. The distances are sorted:

data: 6 5 5 4 4 3 2 2 2 1
row: 1 1 2 2 4 1 2 3 3 1
column: 5 3 5 4 5 2 3 4 5 4

The first partial optimum is POS = (1, 0, 1, 0, 1)
and POV = 13.
Upper bound for the root given by the three
(m(m− 1)/2) initial data in the array: UBroot =
16.
The computation of lower and upper bounds for
other nodes is done in the same way, but includ-
ing the selected elements in the greedy method
for LB and excluding the non selected for UB:
for node (0, 1,−,−,−), POS = (0, 1, 0, 1, 1),
LB(0,1,−,−,−) = 13, UB(0,1,−,−,−) = 13 = POV ,
and the node is pruned.
With s = 3 the number of nodes explored in the
three steps are 5, 10 and 12, with a total of 27
nodes. Backtracking explores 16 nodes. VWB
with s = 3 takes more time, but it finds the best
solution sooner. The number of steps of VWB
should be tuned to the problem.

Metaheuristics for the MDP
Metaheuristics applied to MDP using the
parametrized scheme:

Initialize(S,ParamIni)
while (not EndCondition(S,ParamEnd))

SS=Select(S,ParamSel)
SS1=Combine(SS,ParamCom)
SS2=Improve(SS1,ParamImp)
S=Include(SS2,ParamInc)

The values of the Metaheuristic parameters
(ParamXXX) instantiate particular metaheuris-
tics.
Similar results obtained with different meta-
heuristics.
Results obtained with Genetic Algorithms (GA)
and Scatter Search (SS) are compared with those
with VWB.

Computational Results
Execution time (in seconds) to achieve the opti-
mum solution, for two small instances of MDP,
with metaheuristics (GA and SS) and several
backtracking implementations.
(n,m) GA SS Ba1 Ba2 VWB10VWB20VWB40VWB80
(30,12) 0.02 0.10 13.97 44.14 1.71 2.22 3.68 4.55
(30,18) 0.06 0.22 6.62 16.95 5.23 2.86 5.00 9.35

Fitnesses obtained at different times with GA,
Back1, Back2 and VWB with s = 10:
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Back1 obtains better results than GA at an early
stage (up to 2 seconds).
The fitnesses with Back2 are always slightly
worse than those of Back1.
GA outperforms VWB10 after 25 seconds, so
VWB could be used for early good solutions.

Comparison of the fitness obtained with VWB
with s = 10, 20, 40 and 80:
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The best values are obtained with VWB80, al-
though not always, and the preferred value for s
depends on the problem instance. One possibil-
ity could be to run several VWB with different
values of s simultaneously.

Shared-memory parallel version with OpenMP
to start several threads. Each thread executes
VWB with a different value of s. The optimum
value is stored in a shared variable, which is ac-
cessed inside a critical region.
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Satisfactory results without needing to establish
the value for s.

Further Work
More exhaustive experimentation is necessary
with MDP and other optimization problems.
Integration of VWB with metaheuristics to gen-
erate initial satisfactory solutions in the initial-
ization.
Variable Width Branch and Bound.


