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Abstract— The optimization of the execution time

of a parallel algorithm can be achieved through the

use of an analytical cost model function represent-

ing the running time. Typically the cost function

includes a set of parameters that models the be-

haviour of the system and the algorithm. In order

to reach an optimal execution, some of these param-

eters must be fitted according to the input problem

and to the target architecture. An optimization prob-

lem can be stated in which the modelled execution

time for the algorithm is used to estimate the param-

eters. Due to the large number of variable parame-

ters in the model, analytical minimization techniques

are discarded. Exhaustive search techniques can be

used to solve the optimization problem, but when

the number of parameters or the size of the compu-

tational system increases, the method is impractica-

ble. The use of metaheuristics allows the develop-

ment of valid approaches to solve general problems

with a large number of parameters. The combination

of the parameterized analytical cost model function

and metaheuristic minimization methods appears as

a real alternative to minimize the parallel execution

time in complex systems. The success of the approach

is shown with two different algorithmic schemes on

parallel heterogeneous systems.

Keywords— Processes mapping, Metaheuristics,

Heterogeneous computing.

I. Introduction

THE minimization of the running time of a paral-
lel program on a parallel architecture is a chal-

lenging problem in current target platforms. Param-
eters like block sizes and shapes, number and set
of processors, process to processor assignment, etc.
must be fitted for a proper optimal execution time.
Common methodologies to achieve this vary from ad-
hoc profiling and tuning of the concrete program on
the specific architecture, or solving scheduling prob-
lems associated to the dependence task graphs, to the
minimization of the analytical complexity cost func-
tion associated to the program. Each of the method-
ologies has advantages and disadvantages and their
use is sometimes a matter of availability of tools and
know-how.

We focus on minimization strategies through the
cost model function. The complexity needed in the
model to be accurate for minimization purposes is

1Departamento de Estad́ıstica, I. O. y Computación, Uni-
versidad de La Laguna, e-mail: falmeida@ull.es.

2Departamento de Ingenieŕıa y Tecnoloǵıa de
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too high. However, when the model is simple enough
to be managed, the predictive abilities of the model
allow us not only to minimize the execution time
but also to provide the opportunity to use them as
automatic tuning engines. Figure 1 illustrates the
steps sequence of the method. The analytical cost
function of the algorithm is developed in the design
phase. The inclusion of some parameters in the func-
tion allows the behaviour of the platform and the al-
gorithm to be modelled. The values which model the
behaviour of the platform are estimated and included
in the cost function when the routine is installed.
Variations in the values of some of the algorithmic
parameters affect the speed of the program. The op-
timal combination of these parameters is obtained at
running time, and the routine is executed with values
which provide the lowest execution time according to
the cost function.

Fig. 1. Block diagram of the steps to obtain an execution
close to the optimum in execution time.

The minimization problem increases in difficulty
when the size or complexity of the system increases.
Analytical minimization has been successfully ap-
plied in some specific cases but it is discarded in prac-
tice for medium and large sized systems. Exhaustive
algorithmic search techniques can be used, but when
the number of parameters or the size of the computa-
tional system increases, the method is impracticable
due to time restrictions. The use of approximated
methods to guide the search is another choice, al-
though approximated methods are typically ad-hoc
methods and need the use of information about the
objective function, with the consequent loss of gen-
erality. Furthermore, these methods very frequently
are trapped in local minimums. We propose meta-
heuristics as a part of the general methodology. This
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approach has been successfully applied in several spe-
cific systems [1], which opens the way for the gener-
alization proposed here.

Due to space limit, this paper summarizes the pro-
posal, but a deeper study and more experiments can
be found in the references [2], [3], [4]. Section two
summarizes the concepts used in the development of
parameterized models of the execution time. In sec-
tion three the basic ideas of metaheuristic methods
are explained. Section four shows the application of
the proposed methodology to two schemes. Finally,
section five presents some conclusions.

II. Parameterized model of the execution
time

We propose to express the execution time of a par-
allel algorithm as a function of some algorithmic and
system parameters as follows [5]:

t(s) = f(s,AP, SP ) (1)

where s represents the problem size, SP are the pa-
rameters (system parameters) which represent the
characteristics of the system, and AP are the param-
eters (algorithmic parameters) whose modification
gives different versions of the algorithm and which
can be modified to obtain low execution times. The
number of system parameters may be very large, and
the formula could become very complex. Some typ-
ical algorithmic parameters are the number of pro-
cessors to use from those available in a homogeneous
system, the number of rows and columns of proces-
sors in logical mesh algorithms, the block computa-
tional size... In a heterogeneous system the num-
ber of parameters increases greatly, because differ-
ent block sizes could be preferable in different pro-
cessors, because a different number of processes can
be assigned to each processor... So, the optimiza-
tion problem for heterogeneous or distributed envi-
ronments is particularly complex.

Let nap be the number of algorithmic parameters,
and vsp the values of the system parameters. For
each algorithmic parameter (APi, 1 ≤ i ≤ nap) the
possible values of the parameters form a set (SAPi,
1 ≤ i ≤ nap) which could be very large (we call
nvapi = |SAPi|). Figure 2 shows a tree to obtain the
possible combinations of the algorithmic parameters.
Each terminal node represents a combination, and
there is a total of

�nap
i=1 |SAPi| terminal nodes. The

optimization problem to be solved is:

topt = minvap∈SAP1×...×SAPnap
{f(s, vap, vsp)} (2)

We propose the systematic application of meta-
heuristic methods to approach the optimum solution
of tasks-to-processors assignation problems in which
the minimum modelled time from those of all the
possible assignations is searched.

III. Metaheuristics

Given that most of the interesting and attractive
combinatorial problems belong to the NP class, exact

Fig. 2. A tree to explore all the possible assignations to the
algorithmic parameters.

methods are not very useful except for small sized
problems. In recent decades, metaheuristics have
emerged as an advantageous technology for approx-
imation algorithms [1]. All the existing metaheuris-
tics share ideas and differ in some components. The
unified views of metaheuristics presented, for exam-
ple, in [6], provide an interesting general vision of the
field. A general algorithm like that shown in figure 3
could be instantiated to obtain different metaheuris-
tics just by changing the key elements (Initialize,
EndCondition, ObtainSubset, Combine, Improve,
IncludeSolutions) and the sizes of the involved sets
of solutions. This conception allows for the devel-
opment of frameworks or toolboxes where operators
could be reused and combined in specific metaheuris-
tics. For example, when a scatter search method is
generated, the generation of a genetic algorithm may
reuse several routines from the scatter search, and
some of the new procedures implemented on the ge-
netic technique can be used for the scatter search in
a feedback process.

Initialize ( S )
while ( not EndCondition ( S ) ) {

SS = ObtainSubset ( S )
i f ( | SS | > 1)

SS1 = Combine ( SS )
else

SS1 = SS

SS2 = Improve ( SS1 )
S = IncludeSolutions ( SS2 )

}

Fig. 3. General scheme of a metaheuristic method.

IV. Case studies

Two cases are studied to validate the general
methodology. They cover quite complex situations
and the analytical objective functions to be opti-
mized are very different.

A. Processes to processors allocation for iterative

schemes through scatter search

Two main approaches have been traditionally fol-
lowed to adapt parallel codes efficiently in heteroge-
neous systems. The first approach considers the het-
erogeneous data distribution between the processes.
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A second technique consists of performing a proper
allocation of processes to processors, and to use ho-
mogeneous algorithms. This type of algorithms is
called HeHo [7] (Heterogeneous assignment of pro-
cesses which have homogeneous distribution of data).
Many works have been devoted to the first approach
[8], [9], which typically would lead to efficient algo-
rithms but at a high cost of reprogramming classi-
cal algorithms. For the second approach to be suc-
cessful, it is necessary to obtain a good distribution
strategy of the processes. The algorithmic parame-
ters include a vector of parameters, d = (d1, . . . , dD),
where di holds the processor assignment of process
i, being D the number of processes. The values of
the arithmetic costs vary from one processor to an-
other, and also according to the number of processes
assigned to each processor. The values of the com-
munication parameters also vary between each pair
of processes, depending on the processors to which
the processes are assigned. The cost of a basic com-
putational operation in each processor i is tci , and
the start-up and word-sending times from processor
i to processor j are tsi,j and twi,j

. Equation 1 takes
the form:

t(s,D) = tctcomp(s,D) + tcomm(s,D) (3)

where s represents the problem size, tcomp the num-
ber of arithmetic basic operations, and tcomm the
communication cost (it includes a term with ts and
another with tw). tcomp and tcomm are divided in
different parts, and in each part the value of the pro-
cess with most computational charge, and that of the
pair of processes with most communication cost, are
considered. The values of tc, ts and tw are affected
in some way by the number of processes assigned
to each processor. The way in which these values
vary with the processes assignation also depends on
the characteristics of the computational system and
the communication network. One initial approach is
to consider the cost of a basic arithmetic operation
in processor i as ditci , and that the communication
costs have the maximum value of those between pro-
cessors where some process is assigned.

The cost function depends on the routine in ques-
tion, and is obtained in the design phase. An iter-
ative scheme is used to exemplify the methodology.
Figure 4 shows the basic algorithm where every pro-
cess has an amount of work assigned to compute in
each iteration and after each iteration a communica-
tion operation is performed.

// proc = Process ID
// Problem s i z e at each node
count [ proc ] = Problem_Size / Num_procs

for ( i = 0 ; i < N ; i++) {
// Each node computes the work o f s i z e

count
Work ( count )

// Each node sends i t s job to a l l nodes
Communication_operation ( )

}

Fig. 4. Basic algorithm of an iterative scheme.

We instantiate our technique for dynamic pro-
gramming problems as particular cases of iterative
schemes. In a basic dynamic programming algorithm
the solution is obtained by completing a bidimen-
sional table where the columns represent the size of
the corresponding subproblem (states), and the rows
are the number of maximum decisions (stages). The
final solution is in the last row and column. The
optimal solution with i stages and problem size j

is obtained from optimal solutions with fewer than
i previously stored decisions. These dependencies
mean that a parallel version of the scheme will have
a number of steps equal to the number of stages.
In a message passing version of the scheme, because
different data are assigned to different processors a
communication step appears between two consecu-
tive computation steps.

For instantiation purposes, we will consider dy-
namic programing approach for the “coins prob-
lem”. Given the quantity C and coins of n types
(v1, v2, . . . , vn), with a certain amount of coins of
each type (q1, q2, . . . , qn), the coins problem consists
of finding the minimum number of coins to fulfil
amount C. As part of the methodology, we follow
a sequence of steps to achieve the optimal process
to processor allocation (figure 1). These steps are
discussed following.

Step 1: Identification of parameters

The problem size is determined by C and by the
number of different values of coins. The values of
the coins and the amount of coins available of each
type also affect the execution time, and hence they
are also part of the problem size, s = (n,C, v, q).

The system parameters are different for each pro-
cessor or pair of processors. If there are P pro-
cessors in the system, tc is represented by a vector
tc = (tc1 , . . . , tcP ), and ts and tw by matrices of size
P × P .

The number of processes to use (D) is one of the
algorithmic parameters, and another is the vector d
representing the processes to processors distribution,
so, AP = (D, d).

Step 2: Routine modelling

An analysis of the computation/communication
pattern composes the analytical model. The total
amount of computations of an iteration are assigned
to the D processes. The C states in a step are as-
signed to the D processes and the optimal value for
state X in a given stage i, is given by the formula:

M(i,X) =

min
k=0,1,...,min

��
X
vi

�
,qi
�{M (i− 1, X − kvi) + k} (4)

If the columns of the table are assigned using a
block distribution, C

D consecutive columns are as-
signed to each process. The process with most work
is process number D, and the work assigned in step
i to this process is:
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�

, qi
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(5)

Each process i, with i = 1, 2, . . . , D − 1 sends the
values it has computed to the processes i + 1, i +

2, . . . , D. The amount of transferred data is C(D−1)
2 ,

and the number of communications D(D−1)
2 . In an

Ethernet network the cost of communications can be
modelled as:

tcomm =
D(D − 1)

2
ts +

C(D − 1)

2
tw (6)

Step 3: Obtaining the values of the system param-

eters

The values of the system parameters can be ob-
tained by running a reduced version of the routine
or the section of the routine where the parameters
appear.

The values of ts and tw could be obtained by using
a ping-pong between each pair of processors. But a
ping-pong is not the type of routine which appears
in the communication phase in the algorithm, and
bad predictions will be made. Another possibility is
to estimate these values by running a small version
of the problem in parallel for different values of the
algorithmic parameters.

The values of tc can be obtained by running a small
sequential version of the code in each processor.

Step 4: Selection of the values of the algorithmic

parameters

An optimization problem consisting of deciding
the values of D and d which produces the lowest the-
oretical execution time needs to be solved. Different
metaheuristic techniques can be used [4]. We use a
scatter search method to show how to find the AP

parameters.
We consider that each element of the reference set

represents a possible mapping of processes to proces-
sors. In scatter search the elements with the lowest
modelled execution times are included in the refer-
ence set, and those with the greatest distance func-
tion to the best elements are also included. The rea-
son is that if only the best elements of the reference
set are selected, the method could quickly converge
to a local optimum. The structure to represent the
reference set is the mapping array d, and di = j when
process i is allocated to processor j.

One specific scheme of the scatter search can be
obtained from the general metaheuristic scheme of
figure 3. There are different possibilities for each one
of the routines in the scheme. Some of them are
discussed below:

• Initialize: The initial generation may con-
sider several options, varying from a random as-
signment of processes to processors, where pro-
cessors with more computational capacity re-
ceive more probability, to the allocation of an
equal number of processes to each processor.
The elements are improved to procure good so-
lutions from the beginning. A greedy method is

applied to each element of the initial reference
set and of the sets obtained by combination of
elements. For each element, all the mappings
obtained by assigning one additional process to
a processor are considered. The modelled execu-
tion times of these mappings are computed and
the method moves to the mapping with lowest
time. The iteration finishes when the execution
times of all the new mappings are greater than
that of the previous one.

• EndCondition: We can consider that the con-
vergence is reached when the best new solutions
are not better than the best of the previous ones,
or when the average of the new solutions is not
better than that of the previous ones.

• ObtainSubset: It is possible to select all the
elements for combination, or to select the best
elements to be combined with the worst ones.

• Combine: Each pair of selected elements is com-
bined component to component, and the num-
ber of processes increases with more probability
in processors with more computational capacity,
and decreases in the slower ones.

• Improve: The same greedy method used in the
initialization is used to improve each generated
element.

• IncludeSolutions: The most promising ele-
ments and those most scattered with respect
to the most promising ones are included in
the reference set. The most scattered elements
are the most distant elements (using Euclidean
distance) or those which are most “different”
(number of different coordinates) from the most
promising ones.

Step 5: Routine execution

The routine is executed with the best selection of
algorithmic parameters. Table I summarizes the be-
haviour of the metaheuristic when compared with
a backtracking with node pruning with simulations
named AE-LD, AE-MD, BW-LD and BW-MD. The
table shows the percentage of times the mapping
time plus the modelled time with the scatter search is
lower than that of the backtracking. The metaheuris-
tic method is a better approach than the backtrack-
ing, even when some node elimination which could
eliminate the optimum solution is used.

TABLE I

Comparison of two selection and inclusion criteria

with respect to backtracking with node pruning.

Select elem.
Include elem. All elements Best vs worst elem.
Longest dist. AE-LD: 90% BW-LD: 85%

More dif. AE-MD: 91% BW-MD: 86%

Table II compares the 4 previous combinations
from representative simulations. BW-LD and BW-
MD show the lower decision time however, the To-
tal Time (Final Modelled Time, FMT, plus Decision
Time, DT) is lower in AE-LD and AE-MD. AE-MD
has a number of iterations smaller than AE-LD, but
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the Total Time are similar in both strategies.

TABLE II

Modelled times and number of iterations for

different criteria.

Simul. Iter. FMT DT
AE-LD 96 1796.04 5.89

AE-MD 69 1797.83 5.33
BW-LD 11 2237.24 0.18

BW-MD 2 2411.21 0.47

We perform a deeper analysis in more complex sys-
tems using the AE-MD for the Scatter Search. We
include a parameter, the complexity, that reflects the
complexity of computations in comparison with com-
munications. Table III shows the grouped results
for simulations with growing sizes and complexities.
For each combination of size, complexity, number of
processors and number of processes, 20 executions
were made. Each percentage represents the number
of simulations where the Scatter Search technique is
better than backtracking with pruning.

TABLE III

Comparison of backtracking with pruning and Scatter

Search techniques with increasing sizes and

complexities

Sim: 1 2 3 4 5
Size Compl. 20 p 40 p 60 p 80 p 100 p

100000 100 100% 100% 60% 43% 33%
100000 400 100% 100% 96% 96% 70%
750000 100 100% 100% 96% 94% 77%
750000 400 100% 98% 100% 98% 97%

B. Assignation of tasks with a master-slave scheme

In this case we are interested in the use of meta-
heuristics as a cooperative framework to minimize
the analytical function. Nevertheless, the work in
the five steps of the methodology is explained here.

Step 1: Identification of parameters

A master processor generates a set of T in-
dependent tasks that are solved by slave pro-
cessors. The task have arithmetic costs c =
(c1, c2, . . . , cT ) and memory requirements r =
(r1, r2, . . . , rT ). The system consists of P proces-
sors with the times to perform a basic arithmetic
operation tc = (tc1 , tc2 , . . . , tcP ), and memory ca-
pacities m = (m1,m2, . . . ,mP ). The problem size
is s = (T, c, r, P,m) and the only system parame-
ter is tc, because no communications are considered.
From all the mappings of tasks to the processors,
d = (d1, d2, . . . , dT ), with ri ≤ mdi

, the problem is
to find d, the algorithmic parameter, that minimizes
the modelled execution time.

Step 2: Routine modelling

The execution time for a mapping d is:

max
i=1,...,P





tci

T�

j=1 / dj=i

cj





(7)

The minimum of the times of the mappings which
satisfy the memory constraints must be obtained.

Step 3: Obtaining the values of the system param-

eters

As in the previous case the values of tc can be
obtained by running a small sequential version of the
code in each processor, or the relative speed of the
processors can be used.

Step 4: Selection of the values of the algorithmic

parameters

The tasks are generated by the master at running
time, so the mapping must be decided in a reduced
time. There is a maximum of PT assignations, and
it is not possible to solve the problem by generating
all the possible mappings. An alternative is to ob-
tain an approximate solution using some metaheuris-
tic method. The use of a generic scheme allows us
to develop different metaheuristics easily and to ex-
periment with them to decide a satisfactory method
at installation time or to experiment with different
methods to obtain a satisfactory solution at running
time.

Step 5: Routine execution

The routine is executed with the best selection of
algorithmic parameter values. The use of a meta-
heuristic method (that determined in the installa-
tion) or of several methods to decide the mapping at
running time adds an overhead time which must be
low, and some time criteria could be included in the
stopping condition.

B.1 Application of different metaheuristics

The use of a generic scheme allows us to de-
velop different metaheuristics easily and to experi-
ment with them. Experiments with different meta-
heuristic are shown. The methods are: genetic al-
gorithm (GA), scatter search (SS), tabu search (TS)
and GRASP (GR). These metaheuristics are anal-
ysed from the same perspective, identifying common
routines and element representations, which allows
us to reuse some routines, so reducing the develop-
ment time. They can be implemented using the same
class structure: classes for the algorithm, the system
and the solution. Each metaheuristic is also imple-
mented in a class, but they share the pattern and
some functions.

The selection of the best functions and parameters’
values is obtained by experimentation. Experiments
with different tasks and systems configurations have
been carried out, obtaining similar results. The re-
sults of a particular experiment are shown. The size
(n) of each task has been randomly generated be-
tween 1000 and 2000, the arithmetic cost is n3, and
the memory requirement n2. The number of proces-
sors in the system is the same as the number of tasks.
The costs of basic arithmetic operations has been
randomly generated between 0.1 and 0.2 µsecs. The
memory of each processor is between half the mem-
ory needed by the biggest task and one and a half
times this memory. Experiments have been carried
out for each metaheuristic with different functions
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and with values of the basic parameters with which
a mapping time lower than 3 seconds is obtained for
the biggest problem considered. Satisfactory results
have been obtained in the following conditions:

• GA. The population has 80 elements; the ele-
ments in S are generated randomly assigning
the tasks to the processors, with the probabil-
ity proportional to the processor speed. Each
pair of elements is combined with half of the
components of each parent; in each combina-
tion the best parent and the best descendant
are included in the population. The probability
of mutation is 1/5. The maximum number of
iterations is 800, and the maximum number of
iterations without improving the optimum is 80.

• SS. S has 20 elements. The initialization and
combination are those in GA. Each element is
improved with a greedy method, which works by
selecting from the processor with highest execu-
tion time a task that, assigned to another pro-
cessor, could reduce the fitness function. The
elements with lowest cost function and those
most scattered with respect to the best ones
are included in the reference set. The maximum
number of iterations is 400, and the maximum
number of iterations without improving the op-
timum is 40.

• TS. The neighborhood has 10 elements, obtained
by taking the tasks assigned to the processor
with most cost and reassigning them. The tabu
list has 10 elements. The maximum number of
iterations is 200, and the maximum number of
iterations without improving the solution is 20.

• GR. An initial set with 20 elements is generated,
as in GA and SS. The element is selected ran-
domly, with more probability for the elements
with better fitness function. The element is im-
proved with the greedy method used in SS. The
number of iterations is 20.

Table IV shows the mapping and the simulated
times. GA and SS are the methods that need more
mapping time. GR is the method which behaves
best. There are no big differences in the mapping
times, but the differences in the modelled times are
big in some cases. Of course, all the methods must
be carefully tuned to the problem to obtain the best
combination of parameters and functions.

V. Conclusion and future works

We state the advantages of using metaheuristics to
approach the minimization of the modelled execution
time of parallel programs. An optimization problem
consisting of obtaining the parameters with the low-
est modelled execution time is stated. The general
problem is NP, and the use of heuristics approaches
is compulsory. A general framework for the applica-
tion of metaheuristics techniques to this problem is
presented. With this approach several metaheuris-
tics solutions can be easily developed, studied and
combined. The approach has been illustrated with

TABLE IV

Comparison of the metaheuristics. Mapping time and

modelled execution time (in seconds), varying the

number of tasks.

GA SS TS GR

tasks mapping time
50 0.213 0.159 0.004 0.006

100 0.198 0.337 0.006 0.016
200 0.205 0.582 0.061 0.045
400 1.111 1.257 0.156 0.153
800 1.831 2.613 0.328 0.372

tasks modelled execution time
50 1566 1900 1757 1524

100 1903 1961 3018 1460

200 3452 3452 3452 3452

400 3069 3910 3069 3069

800 3276 3121 2746 1571

two case studies. We plan to apply this methodology
to other more complex mapping problems. The de-
velopment of a set of classes containing different im-
plementations of the general metaheuristic scheme is
being considered. With such a set of classes, a user
could implement the mapping problem to be solved,
and easily develop several metaheuristics to experi-
ment with the problem. The approach could be used
for the solution of similar mapping problems in which
the function to optimize has a different form.
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